Analytical spiral wave solutions for reaction-diffusion equations play an important role in studying spiral wave dynamics. In this paper, we focus on such analytical solutions in the case of highly excitable media. We present numerical evidence that, for rigidly rotating spiral waves in highly excitable media, the species values in the spiral core region do harmonic oscillations but not relaxation ones, and their amplitudes grow linearly with the distance from the rotation center. An analytical solution is proposed to describe such spiral wave dynamics, and the quantitative comparisons between the numerical results and the analytical solutions show that the proposed spiral core solution works well in highly excitable media.
I. INTRODUCTION
Rotating spiral waves and spiral formations are ubiquitous in diverse physical, chemical, and biological systems. They have been found in the Belousov-Zhabotinsky (BZ) reaction [1] [2] [3] , in the catalytic oxidation of CO on a Pt(110) surface [4] , during the aggregation of slime mold amoebae [5] and in the cardiac tissue [6] . Such self-sustained spiral wave activity also plays an essential role in cardiac arrhythmia and fibrillation [7] [8] [9] [10] [11] .
Theoretical investigations of spiral waves have been performed predominantly in reaction-diffusion (RD) systems. A general RD system in two dimensions can be described by the following partial differential equations:
where u(r,t) is a space-and time-dependent vector describing the various chemical or biological species, F is a kind of nonlinear vectorial function representing the chemical or biological kinetics, D generally is a diagonalized diffusion matrix, and λ is a control parameter. When the parameter choice yields oscillatory motion, and is close to the supercritical Hopf bifurcation (λ = λ 0 ), the spiral wave solution for the RD system is of the form [12] u i = u 0i + λ − λ 0 R(T ,r)η i cos[ (T ,r) + ωt − ξ i ]
Here, u 0i , ω, η i , and ξ i are coefficients and T = (λ − λ 0 )t. The evolution equations for R(T ,r) and (T ,r), including their solutions, have been extensively studied in Ref. [12] . It is shown that, in polar coordinates (r,θ ), there are R = c 1 r and = c 2 T − σ θ + ψ 0 as r → 0 [12] , where c 1 , c 2 , and ψ 0 are coefficients, and σ denotes the chirality of the spiral wave (σ = +1 for an anticlockwise spiral wave, and σ = −1 for a clockwise one). Then the spiral core solution in oscillatory systems close to the supercritical bifurcation has the form u i = u 0i + ρ i rcos(−σ θ + ω 0 t − α i ) + O(r 2 )
Here, ρ i = c 1 η i √ λ − λ 0 , ω 0 = ω + c 2 (λ − λ 0 ), and α i = ξ i − ψ 0 .
As we know, exploring specific forms of the spiral wave solutions in excitable systems, especially analytical solutions around the spiral core, plays an important role in studying spiral wave dynamics. However, in excitable media, although the theories describing spiral waves have well been developed [13] [14] [15] [16] [17] [18] [19] [20] , the analytical spiral wave solutions for RD equations have little been investigated.
In this paper, we investigate the core properties of the rigidly rotating spiral waves in highly excitable media. We provide the numerical evidence that the values of species u i in the spiral core region act like some harmonic oscillations with time, and their amplitudes grow linearly with the distance from the rotation center. Therefore, the behaviors of species u i near the rotation center are similar to the ones described by Eq. (3) for spiral core in oscillatory system which is close to the supercritical Hopf bifurcation. An analytical spiral core solution analogous to Eq. (3) is proposed to describe the dynamics of the core of the rigidly rotating spiral wave in highly excitable media. To examine the validity of the core solution, quantitative comparisons between the numerical results and the analytical solution are also performed, after the coefficients of the core solution are fixed with a high degree of precision.
The numerical findings around the spiral core are presented in Sec. II, including the oscillation forms of the species and the relations between the amplitudes and the distance from the rotation center. The proposed analytical core solution is given in Sec. III, and the other unknown coefficients of the solution are fixed. Besides, in Sec. III, the quantitative comparisons between the numerical results and the analytical solution, and the parameter region where the core solution is valid, are also discussed.
II. NUMERICAL CORE SOLUTION
In this work, a classic two-variable FitzHugh-Nagumo (FHN) model is considered [21, 22] , where species u and v are the fast activator and the slow inhibitor, respectively, whose time ratio is ε, and the diffusion coefficient D u is set to 1 for this single-diffusive system. The kinetics of this model are given by
Here parameters β and γ control the properties of the medium.
In the simulation, the chosen parameters for excitable medium are ε = 0.2, β = 0.5, and γ = 0.8. The same form of the FHN model as Eq. (4) with those chosen parameters is also discussed in Ref. [23] , which shows that, this way can form a rigidly rotating spiral wave with the radius of the spiral tip trajectory being zero. Equation (4) is integrated on a 1201 × 1201 uniform grid with no-flux boundary conditions via Euler algorithm. In order to study the fine structures around the spiral core, small space step and time step are used ( x = y = 0.0125 and t = 2.5 × 10 −5 ), and a nine-point finite difference scheme is also applied to compute the Laplacian term ∇ 2 u. Spatial distributions of the fast variable u and the slow variable v are shown in Figs. 1(a) and 1(b) . For all of the grid points in the discretized medium, both values of u and v keep oscillating with time, and the oscillation situation around the rotation center can be known from the amplitude spatial distributions of u and v. From Figs. 1(c) and 1(d) we know that near the rotation center, there is a grid point whose amplitudes of both u and v always remain in a minimal level, and they increase linearly with the distance from the rotation center. For convenience, Cartesian coordinates (x,y) are established in the medium plane with the minimum oscillation grid point being the origin (0,0).
Although the values u and v on all of the medium grid points keep oscillating, their oscillating forms are quite different for different parts of the medium. Relaxation oscillation, a typical characteristic for excitable systems, dominates most regions of the medium, especially in the region far away from the The above two different kinds of oscillation forms can also be reflected on the u-v phase plane (Fig. 3 ). For typical relaxation oscillation, the u-v trajectories for grid points on the edge of the medium approximately look like parallelograms [see Fig. 3 (a)], while, as for harmonic oscillation, the u-v trajectories appear to be elliptical [see Fig. 3(b) ]. On the other hand, the intersection of the two nullclines [f (u,v) = 0 and g(u,v) = 0] is on the left side of the point C which is the minimal value point for the nullcline f (u,v) = 0, and the intersection is close to the point C [see Fig. 3(a) ]. Therefore, one can see that the medium we study is highly excitable, which is quite susceptible to perturbations which could cause an excitation.
III. ANALYTICAL CORE SOLUTION
From the core solution (3) for spiral waves in oscillatory systems close to the supercritical Hopf bifurcation, we know that the system species u i do harmonic oscillations with different initial phases and their amplitudes are proportional to the distance from the rotation center (r = 0). In the study of the rigidly rotating spiral waves in highly excitable media, our numerical simulations show that the behaviors of the species u and v are analogous to the ones described by Eq. (3) in the oscillatory systems close to the supercritical Hopf bifurcation, including the harmonic oscillations and the linear relations between the amplitudes and the distance from the rotation center (see Figs. 1 and 2) . Here, one can see the spiral core solutions in both cases should have a similar form. Therefore, we assume that, for a rigidly rotating spiral wave in highly excitable media, the spiral core solution has the form
where high precision, and the maximum relative standard deviation of them is less than 1% (see the Appendix for details).
Then, as assumed in Ref. [15] , the size of the spiral core region is ε, and in our simulation, the number of the involved grid points is about N = ε/ x = 16. In our further study, harmonic oscillations near the rotation center of the spiral wave are also found in the Barkley model [24] for highly excitable media. And a similar phenomenon is also reported in the Luo-Rudy model for cardiac tissue [25] . Therefore, the core solution (5) may be model independent in describing rigidly rotating spiral waves in highly excitable media. Note that solutions similar to Eq. (5) had been applied to analyze the spiral dynamics near the rotation center in excitable systems [26] [27] [28] . In this paper, we further discuss the reason for using this solution and its properties. After appropriate fitness, coefficients of the solution (5) can be fixed with a high degree of precision, and the validity of the solution is further supported by the good 022920-3 result of the quantitative comparison with the numerical data. Next, we would like to discuss the parameter region where the core solution is valid.
In further study, we find that solution (5) for rigidly rotating spiral waves is applicable when the excitability of the medium is high enough that the u and v values on every part of the medium keep oscillating with time and there is no totally unexcited area at the rotation center. Figure 6 displays the valid parameter region for the core solution (5) in β − ε plane. ε is the ratio of recovery rate to excitation and β is a measure of the threshold of excitation. These two aspects of excitable media capture much of the variability of excitable media and provide a framework in which to systematize the diversity of their behavior [29] . Here, we refer to "increasing excitability" only when only β or only ε or both together are decreased.
Let us start the discussion from the lower left part of the β − ε plane. In the region below the propagation boundary (∂P ), the medium excitability is so weak that no excitation wave can be supported in the medium. In the narrow region between ∂P and the rotor boundary (∂R), the medium excitability is a little higher and sufficient for a plane wave to propagate but not enough for a rotating spiral to form, and the end of a broken plane wave simply retracts steadily [18, 30] . In the region between ∂R and the meandering boundary (∂M), with an increase in the excitability of the medium, rigidly rotating spiral waves can be supported. In the rigidly rotating spiral region but close to ∂R, the circle of the tip trajectory is relatively large and there is a totally quiescent area at the rotation center, which cannot be described by the solution (5). In the region a little more to the upper right, the excitability of the medium is further increased, and the circle of the tip trajectory becomes smaller and smaller. Then up to the valid parameter region for the core solution (5) (solid point part) , the 4). Solid point part shows the parameter region valid for the core solution (5). Upper part (β < 0.467) is the oscillatory media region. In the subexcitable media and nonexcitable media regions, the medium excitability is too weak for any spiral wave to form or to propagate persistently. In the excitable media region, corresponding tip trajectories are shown. ∂P , ∂R, and ∂M are boundaries between the parameter regions for nonexcitable media, subexcitable media, rigidly rotating spirals, and meandering spirals, respectively. excitability of the medium is increased high enough that the u and v values on every part of the medium keep oscillating with time and there is no totally unexcited area at the rotation center. The region on the right of ∂M is for the meandering spirals, in which the excitability of the medium is increased so high that the strong interactions between propagating waves result in breakdown of the rigid rotation, and the corresponding tip trajectories are shown in the "flower garden." The meandering of spiral waves can be understood from the perspective of bifurcation theory [31] . Finally, the top parameter region (β < 0.467) is the oscillatory media region, which is out of consideration here. We can see that the valid parameter region for the spiral core solution (5) covers a relatively large area in the β − ε plane.
Boundaries ∂P , ∂R, and ∂M in Fig. 6 are found basically consistent with the ones given by Winfree ( Fig. 13 in Ref. [29] ), even though the used system parameter γ is different (Winfree has pointed out that γ has little qualitative effect on spiral behavior). Our main result about the phase diagram is that the parameter region for rigidly rotating spiral waves is now separated into two parts: the spiral with a quiescent area at the rotation center and the spiral whose core solution has the form (5) . Note that to figure out the above two regions in the parameter region for rigidly rotating spiral waves, small simulation time and space steps are needed. In our simulation, the time and the space steps are 2.5 × 10 −5 and 0.0125, while the ones in Ref. [29] are 0.04 and 0.5, respectively.
IV. CONCLUSION
In summary, it is shown numerically that the u and v values on the grid points in the core region do harmonic oscillations but not relaxation ones, and their amplitudes grow linearly with the distance from the rotation center. Analytical solution (5) is proposed to describe the spiral dynamics around the core. After the coefficients of solution (5) are measured with a high degree of precision, quantitative comparisons are performed between the simulation results and the analytical solutions. These two sets of results turn out to be in good agreement with each other, which shows that the core solution (5) can work well in describing the dynamics of rigidly rotating spirals in highly excitable media. The same conclusion can also be obtained in the study of the Barkley model. Therefore, the spiral core solution (5) may be model independent in describing the dynamics of rigidly rotating spiral waves in highly excitable media.
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We thank Bing-wei Li and Xiang Gao for their valuable discussions. Table I lists the u 0 and v 0 values measured from the grid points around the rotation center. μ, S, and S r denote the average value, the standard deviation
, and the relative standard deviation (S r = S/|μ|), respectively. In Table I , the average values of u 0 and v 0 are −0.7956 and −0.3697, respectively, and the standard deviations and the relative ones are very small (S r < 1%), which shows the high precision of the measurements. Similar error analysis can be applied to the other tables below. Table II, for example,  there is A u,00
where A u,00 and A v,00 are the amplitudes of u and v at (0, 0), and the ones at (0, x) are A u,01 and A v,01 , and so on. A u,00 , A u,01 , and A u,−10 can be measured numerically. Then x 0 and y 0 can be fixed by solving the above equations. We can see that the amplitude data on three different grid points can fix a set of x 0 and y 0 , and Table II lists the results gotten from the combinations of the grid points around the rotation center. Thus the location of the rotation center is measured to be (−0.00473,0.00391). marked as r 00 and r 01 , respectively, and so on. From Table III we can get that ρ 1 = 1.616, ρ 2 = 0.5153.
Coefficients α 1 and α 2
All the unknown coefficients of solution (5) have been fixed precisely except α 1 and α 2 , which are initial rotation phases for u and v, respectively. Now we can use the least-squares method to get them. For a grid point in the medium, keep changing α 1 and α 2 gradually until solution (5) gives the best fit with the numerical results (the sum of the squares of their differences is minimum), and then take the α 1 and α 2 as the desired values. Taking grid point ( x, y), for example, solution (5) with α 1 = 3.140 and α 2 = 4.453 agrees best with the numerical results (see Fig. 7 ). In the same way, we can get the initial rotation phases α 1 and α 2 from the eight other grid points, and the average values are α 1 = 3.138 and α 2 = 4.450 (see Table IV ).
